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Stress intensity factorsAbstract Based on the complex variable method, the analytical solutions of stress functions and
stress intensity factors (SIFs) are provided for the plane problem of two collinear edge cracks
emanating from an elliptical hole in an inﬁnite plate under shear. The stress distribution along
the horizontal axis is given in graphical forms, which conforms to Saint-Venant’s principle. The
inﬂuences of crack length and ellipse shape on the stress intensity factors are evaluated. Comparing
the analytical solutions with ﬁnite element method (FEM) results shows good coincidence. These
numerical examples show that the present solutions are accurate.
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Cracks emanating from a hole are very common in engineer-
ing. Even if a crack is rather short, it can lead to a dangerous
situation. Consequently, it is of great importance to deal with
hole-edge crack problems. Bowie1 was the ﬁrst to give solu-
tions of a circular hole with a single edge crack and a pair of
symmetrical edge cracks in a plate under uniform tension at
inﬁnity by using the complex mapping technique. Because
the mapping functions adopted are complicated and inaccu-
rate, a number of papers analyzing the stress intensity factor(SIF) for cracks originating from a hole have been
published.2–11 The complex variable function method was used
to calculate the SIF for a single edge crack or a pair of sym-
metrical edge cracks originating from an elliptical hole in an
inﬁnite plate under tension.12,13 Liu et al.14–16 studied the plane
problem of an elliptic hole or a crack in transversely isotropic
piezoelectric materials subjected to tension at inﬁnity, internal
pressure, and shear loads acting on the edge of the defect. By
using the ﬁnite element method (FEM), Liu et al.17 obtained
the stress distributions in the vicinity of the hole and the crack
for the plane problem of a plate with a crack emanating from
an elliptical hole.
From the literatures, it can be seen that an inﬁnite plate
containing hole-crack is mainly subjected to uniform remote
tension loads. This paper concerns with two cracks of unequal
lengths at the edge of an elliptic hole in an inﬁnite plate under
shear by means of the complex variable function method, and
the analytical solutions of stress functions and SIFs are
obtained. Numerical calculations are presented to graphically
show the stress distribution along the horizontal axis. The
830 S. Liu, S. Duanvariations of SIFs with crack length and ellipse shape are also
evaluated. In order to prove the results, the present analytical
solutions are compared with FEM results.
2. Basic equations
Muskhelishvili’s method is used for stress analysis, and the
stress components rx, ry, and sxy in rectangular coordinates
are given in terms of the complex potentials u1(z) and w1(z)
rx þ ry ¼ 4Reðu01ðzÞÞ ð1Þ
ry  rx þ 2isxy ¼ 2½zu001ðzÞ þ w01ðzÞ ð2Þ
where z= x+ iy is the complex variable, the bar denotes the
complex conjugate, and the prime notation denotes differenti-
ation with respect to z, and ‘‘Re()’’ represents the real part of a
complex variable.
In order to make the boundary conditions more manage-
able, it is advantageous to replace the complex variable z for
any point in the z-plane by a new complex variable f= qeih
in the f-plane, by using a conformal transformation
z= x(f), and then the stress functions u1(z) and w1(z) will
be considered as functions of parameter f. Thus, the new nota-
tion is introduced as
uðfÞ ¼ u1ðzÞ ¼ u1½xðfÞ
wðfÞ ¼ w1ðzÞ ¼ w1½xðfÞ
UðfÞ ¼ u01ðzÞ ¼ u0ðfÞ=x0ðfÞ
WðfÞ ¼ w01ðzÞ ¼ w0ðfÞ=x0ðfÞ
U0ðfÞ ¼ u001ðzÞx0ðfÞ
8>>><
>>>:
ð3Þ
Let rq and rh be the stress components in curvilinear coor-
dinates, Eq. (1) can be rewritten as
rh þ rq ¼ 4ReðUðfÞÞ ð4Þ
The functions u(f) and w(f) can be obtained by the follow-
ing equations:
uðfÞ ¼ 1þ l
8p
ðXþ iYÞ ln fþ BxðfÞ þ u0ðfÞ ð5Þ
wðfÞ ¼  3 l
8p
ðX iYÞ ln fþ ðB0 þ iC0ÞxðfÞ þ w0ðfÞ ð6Þ
u0ðfÞ þ
1
2pi
Z
xðrÞ
x0ðrÞ 
u00ðrÞ
r f dr ¼
1
2pi
Z
f0
r fdr ð7Þ
w0ðfÞ þ
1
2pi
Z
xðrÞ
x0ðrÞ 
u00ðrÞ
r f dr ¼
1
2pi
Z
f0
r f dr ð8Þ
f0 ¼ i
Z
ðXþ iYÞds Xþ iY
2p
ln r 1þ l
8p
ðX iYÞ
 xðrÞ
x0ðrÞr 2BxðrÞ  ðB
0  iC0ÞxðrÞ ð9Þ
where X and Y represent the components of the surface forces
per unit area at any point of the interior boundary, while X
and Y are the algebraic sums of the surface force components
on the interior boundaries in the x and y directions, respec-
tively. The constants B and B0 + iC0 are related to the magni-
tudes of the principal stresses r1 and r2 at inﬁnity.B ¼ 1
4
ðr1 þ r2Þ
B0 þ iC0 ¼  1
2
ðr1  r2Þe2ia
8><
>: ð10Þ
where a is the angle made by r1 with the x-axis.
3. Problem and exact solutions
Consider two asymmetrical collinear cracks emanating from
an elliptical hole in an inﬁnite solid, as shown in Fig. 1. The
cracks and the hole are assumed to be traction-free, while
the solid is subjected to shear (q) acting on the plate sides as
shown in Fig. 1(a). Take the center of the elliptical hole as
the origin and the line where the crack is located as the x-axis
to build rectangular coordinates.
3.1. Stress functions
The conformal mapping function18 is
z ¼ xðfÞ ¼ aþ b
2
lðfÞ þ a b
2
 1
lðfÞ ð11Þ
lðfÞ ¼ e1ð1þ fÞ
2 þ e2ð1 fÞ2
4f
þ
ðe1ð1þ fÞ2 þ e2ð1 fÞ2Þ2  16f2
h i1=2
4f
ð12Þ
ei ¼
ðaþ LiÞ2 þ b2 þ abþ ðaþ LiÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
L2i þ 2aLi þ b2
q
ðaþ bÞ aþ Li þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
L2i þ 2aLi þ b2
q  ði ¼ 1; 2Þ
ð13Þ
Eq. (11) provides a conformal mapping from the outside
region of the elliptical hole and cracks into the interior of a
unit circle in the f-plane. By Eq. (11), the four points
A(a+L1, 0), I(0, b), E(aL2, 0), and G(0, b) in the z-plane
(see Fig. 1(a)) are mapped to A0(1, 0), I0, E0(1, 0), and G0 (see
Fig. 1(b)), respectively, and at the same time, the lower points
H(a, 0) and D(a, 0) to points H0 and D0, the upper points H
and D to points H00 and D00, respectively.
Under the loading condition in this paper, it can be seen
that B= 0, B0 þ iC0 ¼ qi, and X ¼ Y ¼ X ¼ Y ¼ 0. Thus
Eq. (9) is simpliﬁed as
f0 ¼ qixðrÞ ð14Þ
From Eqs. (11), (12), one can obtain the following
equations for use:
x0ðfÞ¼ð1 f
2Þðe1þ e2Þ
4f2
bðe1ð1þ fÞ2þ e2ð1 fÞ2Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðe1ð1þ fÞ2þ e2ð1 fÞ2Þ216f2
q þa
0
B@
1
CA
ð15Þ
x0
1
f
 
¼ð1 f
2Þðe1þ e2Þ
4
bðe1ð1þ fÞ2þ e2ð1 fÞ2Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðe1ð1þ fÞ2þ e2ð1 fÞ2Þ216f2
q þa
0
B@
1
CA
ð16Þ
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be seen that
xðfÞ
x0ðfÞu
0
0ðfÞ is analytical outside the unit circle as
well as continuous outside and on the circle, and then, using
Cauchy integral, one can obtain
1
2pi
Z
xðrÞ
x0ðrÞ 
u00ðrÞ
r f dr ¼ 0 ð17Þ
Substituting Eqs. (14) and (17) into Eq. (7) yields
u0ðfÞ ¼
1
2pi
Z
qixðrÞ
r f dr ð18Þ
Because f=1 is the 1st order pole of xðrÞ,
ResðxðfÞ;1Þ ¼ ðaþ bÞðe1 þ e2Þ
4
, where ‘‘Res’’ denotes the res-
idue. According to the residue theorem, one can obtain
u0ðfÞ ¼
qiðaþ bÞðe1 þ e2Þ
4
f ð19Þ
From Eq. (13), when L1 = L2 = 0, e1 = e2 = 1 can be
obtained, and the elliptic hole with two unequal-length cracks
degenerates to the elliptical hole. From Eqs. (11), (12), (13),
and (17), one can obtain
u0ðfÞ ¼
qðaþ bÞi
2
f ð20Þ
This is just the well-known result for the elliptical hole. For
the line crack, b= 0, and Eq. (20) becomes u0ðfÞ ¼
qia
2
f.
Differentiating Eq. (20) with respect to f, one can obtainFig. 1 Map elliptical hole with cracks of unequal lengths into
unit circle.u00ðfÞ ¼
qiðaþ bÞðe1 þ e2Þ
4
ð21Þ
We know that xðrÞx0ðrÞu
0
0ðrÞ is analytical inside the circular
hole, and also continuous inside and on the circle. Substituting
Eqs. (14) and (19) into Eq. (8), and using Cauchy integral
again, one can obtain
w0ðfÞ ¼ z
u00ðfÞ
x0ðfÞ  qi xðfÞ 
ðaþ bÞðe1 þ e2Þ
4f
 
ð22Þ
Substituting Eqs. (10), (11), (19), and (22) into Eqs. (5), (6)
yields
uðfÞ ¼ u0ðfÞ ¼
qiðaþ bÞðe1 þ e2Þ
4
f ð23Þ
wðfÞ ¼ zu
0
0ðfÞ
x0ðfÞ þ
qiðaþ bÞðe1 þ e2Þ
4f
ð24Þ
Substituting Eqs. (3), (23) and (24) into Eqs. (1), (2), it is a
straightforward matter to ﬁnd the stress components rx, ry,
and sxy in terms of the complex variable f as follows:
ry ¼ 2Reðu01ðzÞÞ þRe½zu001ðzÞ þ w01ðzÞ
rx ¼ 2Reðu01ðzÞÞ Re½zu001ðzÞ þ w01ðzÞ
sxy ¼ Im½zu001ðzÞ þ w01ðzÞ
8><
>: ð25Þ
where ‘‘Im’’ represents the imaginary part of a complex
variable. At the edge of the elliptical hole, rq = 0, and then,
from Eq. (4), one can obtain rh = 4Re(U(f)).
3.2. SIFs
For a mixed mode problem, the SIFs KIA, KIIA, KIE, and KIIE
at the crack tips A and E, as shown in Fig. 1(a), can be
expressed in the f-plane as follows:
KIA þ iKIIA ¼ 2
ﬃﬃﬃﬃﬃ
2p
p
lim
f!1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
xðfÞ  xð1Þp u0ðfÞ
x0ðfÞ
KIE þ iKIIE ¼ 2
ﬃﬃﬃﬃﬃ
2p
p
lim
f!1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ½xðfÞ  xð1Þp u0ðfÞ
x0ðfÞ
8><
>:
ð26Þ
Inserting Eqs. (11) and (23) into Eq. (26), one can obtain
KIA ¼ 0
KIIA ¼
ﬃﬃﬃﬃﬃ
2p
p
qðaþ bÞ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃe1 þ e2p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃe21  14p
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
be1 þ a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
e21  1
pq
8><
>>:
ð27ÞFig. 2 Normalized stress distribution along negative x-axis.
Fig. 3 Variations of KIIA/K0 and KIIE/K0 with L1/a.
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KIIE ¼
ﬃﬃﬃﬃﬃ
2p
p
qðaþ bÞ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃe1 þ e2p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃe22  14p
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
be2 þ a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
e22  1
p r
8>><
>>:
ð28Þ
Eqs. (27)–(28) show that the SIFs of two unequal-length
cracks emanating from the edge of an elliptical hole in an inﬁ-
nite solid are related to the applied mechanical loading and theFig. 4 Variations of KIIA/K0 and KIIE/K0 with L1/a when a/b is
different.
Fig. 5 Variations of KIIA/K0 and KIIE/K0 with L1/a when L2 is
different.geometries of the cracks and the hole. Under limited condi-
tions, many new conﬁgurations can be simulated from the
present results. If the length of the short semi-axis b tends to
be zero and the left crack length L2 is L which equals to the
right crack length L1, using Eq. (13), Eqs. (27)–(28) reduce
to KIIA ¼ KIIE ¼ q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pðaþ LÞp , which is just the well-known
result of the Grifﬁth crack in an inﬁnite solid.
4. Numerical results and discussions
Good agreement has been found between the analytical solu-
tions and the FEM results, which is shown in Figs. 2–3. The
plane stress ﬁnite element model of ANSYS is used. Fig. 2
shows the normalized stress distribution of sxy/q along the neg-
ative x-axis. Dimensions of the hole and the cracks are as fol-
lows: a= 2 mm, b= 1 mm, L1 = 2 mm, and L2 = 1 mm. The
ﬁrst point is 0.01 mm distant from the left crack tip, and the
values of x vary from 3.01 mm to 12 mm. It can be seen
that there is obvious stress concentration at the crack tip. It
is probably because the ﬁnite element meshing is not small
enough that results in the difference between the FEM and
present results, but the tendency is consistent. However, at dis-
tances which are longer than the size of the defect, the stress
distribution is practically uniform, and tends to applied loads,
which conforms to the conclusion usually made on the basis of
Table 2 FIA of a crack emanating from an elliptical hole.
L1/a FIA
b/a= 1/2 b/a= 1 b/a= 2
0.01 5.181(2.9143) 3.293(1.9852) 2.230(1.4972)
0.05 4.043(2.6380) 3.037(1.9290) 2.180(1.4860)
0.10 3.256(2.3902) 2.772(1.8652) 2.120(1.4723)
0.20 2.460(2.0644) 2.374(1.7553) 2.007(1.4456)
0.50 1.640(1.5935) 1.728(1.5215) 1.126(1.3716)
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along the x-axis are always zero. The normalized SIFs
KIIA=K0 and KIIE=K0 for two cracks of unequal lengths at
the edge of an elliptical hole with L1/a are illustrated in
Figs. 3–5, which are normalized by K0 ¼ q
ﬃﬃﬃﬃﬃ
pa
p
, where
a= 2 mm, b= 1 mm, and L2 = 3 mm in Fig. 3, L2 = 3 mm
and a= 2 mm in Fig. 4, and a= 2 mm and b= 1 mm in
Fig. 5. It is found that the values of KIIA and KIIE are related
to the ratio of a/b and increase with increasing crack length.Fig. 6 A crack emanating from an elliptical hole under shear
and uniaxial tension.
1.00 1.248(1.2831) 1.306(1.2990) 1.410(1.2689)
Table 1 FIIA of a crack emanating from an elliptical hole.
L1/a FIIA
b/a= 1/2 b/a= 1 b/a= 2
0.01 0.224(2.9143) 0.053(1.9852) 0.015(1.4972)
0.05 0.811(2.6380) 0.244(1.9290) 0.075(1.4860)
0.10 1.175(2.3902) 0.436(1.8652) 0.145(1.4723)
0.20 1.443(2.0644) 0.712(1.7553) 0.272(1.4456)
0.50 1.471(1.5935) 1.085(1.5215) 0.568(1.3716)
1.00 1.300(1.2831) 1.200(1.2990) 0.854(1.2689)If L2 = 0 mm, Eq. (27) is the result of a crack emanating
from the edge of an elliptical hole under shear. Comparison
with the results of Isida et al.4 is given in the following section.
Table 1 is the dimensionless expression FIIA ¼ KIIA=s
ﬃﬃﬃﬃﬃﬃﬃﬃ
pL1
p
of a
crack emanating from an elliptical hole under shear (Fig. 6(a)),
which corresponds to Table 5 given in Ref. 4. The results in the
bracket are calculated based on the present paper. From
Table 1, it can be seen that there is great difference between Isi-
da’s results and the results of the present paper.
Table 2 is the dimensionless expression FIA ¼ KIA=r
ﬃﬃﬃﬃﬃﬃﬃﬃ
pL1
p
of a crack emanating from an elliptical hole under uniaxial ten-
sion (Fig. 6(b)), which corresponds to Table 4 given in Ref. 4.
The results in the bracket are calculated according to the study
of Guo et al.,12 which are entirely the same as those based on
Ref. 17. From Tables 1 and 2, it can be seen that there is great
difference between Isida’s results and other results. Because the
present and other solutions12,17 are exact, which satisfy the
boundary conditions, while Isida’s solutions are approximate,
the weighting functions processed by numerical treatment may
lead to mistake. Just like a Grifﬁth crack, if r is equal to s for a
crack emanating from an elliptical hole, the stress intensity
factor KII calculated by the present method are the same as
KI obtained according to the existing literature.
5. Conclusions
(1) For the plane problem of two cracks of unequal lengths
at the edge of an elliptical hole in an inﬁnite solid which
is subject to shear, the closed-form solutions of stress
functions and stress intensity factor are obtained. Based
on the present results, the solutions for some particular
hole-edge crack conﬁgurations can be obtained by add-
ing speciﬁc conditions, e.g., two cracks of equal length
or a single crack emanating from the edge of an elliptical
or a circular hole, T-shaped cracks, and cross-shaped
cracks.
(2) Numerical calculations show that the stress distribution
along the horizontal axis conforms to Saint-Venant’s
principle, and the values of stress intensity factors
increase with increasing crack length and are related to
themajor-to-minor axial ratio of the elliptical hole. Good
agreement is found between the FEM and the analytical
solution derived, so the analytical results are reliable.
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